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OH  THE  STABILITY  OF  HOH-ABTONOIBUS 
DIFFERENTIAL  EQUATIONS  X - [A  + D(t)]x, 
1/ITU  SKEW-SYMMETRIC  MATRIX  B(t) 

A.  P.  Morgan  and  X.  S.  Narondra 

ABSTRACT 


In  this  paper  we  characterize  (in  Theoreu  1)  the  uniforu  at, 'aptotic 
stability  of  equations  of  the  fern 


A(t) 

B(t) 


-E(t) 
0 


M 


J 


where  A + AT  is  stable  in  terns  «.f  the  ’’richness"  cf  B(t).  The  equation 
is  stable  if  and  ~nly  if  B(t)  is  sufficiently  rich.  We  actually  obtain 
stability  results  for  a uuch  broader  class  ,:C  systeus  (The? 'x^ua  2 and  3) 
whose  behavior  is  sinilnr  to  the  one  above.  Such  systeus  have  cuue  up 
recently  in  soue  adaptive  control  problems. 
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I.  Introduction 


The  purpose  of  this  paper  is  to  characterize  the  uniform  asymptotic 
stability  of  certain  nou- autonomous  linear  systems  of  the  form 


• ** 

T 1 

X 

A 

'B  1 

m 

bj 

c 

LL: 

where  A - A(t)  is  a time  varying  stable  nxn  matrix  and  B * B(t),  C • C(t) 
are  time  varying  mxn  matrices.  Such  equations  arise  in  connection  with 
questions  of  adaptive  identification  and  control  as  described  in  Narendra 
and  Audva  [3]. 

Theorem  1 below  is  illustrative  of  the  type  of  result  we  have  obtained. 
It  is  a corollary  to  the  more  general  Theorems  2 and  3.  We  state  and  discuss 
these  result.?  in  section  II  giving  examples  and  some  indication  of  proofs, 
including  the  presentation  of  a key  lemma. 

Some  results  concerning  (non-uniform)  asymptotic  stability  have  also 
been  obtained,  ar.d  these  are  seated  in  section  III.  In  section  IV  we  dis- 
cuss in  more  detail  the  control  applications  of  this  work,  which  are  sum- 
marized as  Theorems  4 and  5.  Section  V contains  the  longer  proofs. 

Previous  work  on  the  stability  properties  of  this  type  of  system  has 
been  done  by  Yuan  and  Wonham  [5].  They  found  sufficient  conditions  for 
asymptotic  stability  in  the  case  that  the  system  can  be  put  in  the  form 

e • Ee  + $x  + Yu 

• T 

4 3 -Tex 

Y * -Tea  . 

(See  section  IV,  Theorem  4 for  more  details.)  Anderson  in  [1]  considered 
some  almost  periodic  cases,  obtaining  sufficient  conditions  for  uniform 
asymptotic  stability. 
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II.  Statement  of  Kain  Theorems 

The  following  Theorem  1 gives  a complete  characterization  of  unifora 

X 

asymptotic  stability  when  A + A la  stable  and  C ■ F.  It  is  a corollary 
to  Theorems  2 and  3,  which  we  will  state  after  a discussion  of  Theoren  1. 

First,  however,  we  establish  some  notation  and  state  several  defini- 
tions. The  nxn  time  varying  matrix  A ■ A(t)  is  called  "stable"  if  the 
system  x ■ A(t)x  is  uniformly  asymptotically  stable.  The  length  of  x e R 
Is  denoted  "|xj".  If  A is  an  nxn  matrix,  "|a|"  denotes  the  uniform  norm 
of  A derived  from  |x|. 

The.  equilibrium  state  x = 0 of  the  uniformly  stable  differential 
equation  x » £(x,t)  is  uniformly  asymptotically  stable  (u.a.s.)  if  for  some 
> 0 and  all  > 0 there  is  a T * > 0 such  that  if  x(t)  is  a 

solution  and  |x(t^)|  < then  |x(t)|  < for  all  t > ty  + T.  If  T de- 
pends on  ty,  then  x 2 0 is  (non-uulformly)  asymptotically  stable  (a.s.). 

Theorem  1.  Let  A « A(t)  be  an  nxn  matrix  of  bounded  piecewise  con- 

T 

tinuous  functions  such  that  A + A is  stable.  Let  B(t)  be  an  mxn  matrix 
of  bounded  piecewise  continuous  functions.  Then  the  system 


- .** 
X 

”a 

1 

Cd 

1 

X 

■ 

y 

B 

0 J 

y 

_ * 

is  u.a.s.  if  and  only  if  there  are  positive  numbers  Tq»  Eq»  and  6y  such 
that  given  t^  > 0 and  a unit  vector  w e Rn,  there  is  a t2  e [t^,t^  + Tq] 
such  that 


C2  + 60 
B(t)^w  dt 


> G0  * 


Corollary  1.  If  i>(t)  is  smooth,  |B(t)|  is  uniformly  bounded,  and 
there  are  real  numbers  a > 0 and  b such  that 
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|dt  > a(t2-  t^)  ♦ b 


for  all  unit  w c R and  all  t2  > t^  > 0r  then  (1)  is  u.a.s. 

Corollary  2.  If  (1)  is  u.a.s.,  then  there  are  real  nuubers  a > 0 and 


b such  that 


z2 

| j3(t)Twj 


dr  > a(t2~  t^)  + b 


for  all  unit  vectors  w e and  all  t2  > t^  > 0. 

The  condition  given  in  Theorem  1 is  a "richness"  condition  for  B(t) . 

T 

It  says  that  for  any  unit  direction  w,  B(t)  w is  "periodically”  large;  or, 

t 

at  least  that  B(t)  w aocs  not  daup  down  to  zero.  The  condition  requires 
thri  there  be  a fixed  length  of  tiiae,  Tq,  such  that  5(t)  "points  in  all 
directions"  as  t takes  on  values  in  any  interval  of  length  Tq.  Also  it 
requires  that  3(t)  maintain  sufficient  length.  However,  it  requires  even 
uora  than  this,  since  the  condition  of  corollary  2, 


[2 

|b(r)Aw|dT  > a(t2-  t^  + b , 


is  not  sufficient. 

It  is  therefore  apparent  that,  for  fixed  w,  the  sign  changes  that 

T T 

B(t)  w goes  through  are  also  significant.  B(t)  w nust  not  only  be  peri- 
odically large  (over  intervals  of  length  T^)  but  it  ieust  raintain  the  sarn 
sign  for  a fixed  interval  of  tim  (of  length  6q)  . (See  the  example  below.) 

It  is  iuuediate  that  the  condition:  there  are  positive  nunbers  Tq 


and  £q  such  that 


t2+  t0 

[ B(t)Tw  dt  !>  Cq 


for  all  unit  w e R and  t2  > t^  > 0 
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is  sufficient  but  not  necessary  for  (1)  to  be  u.a.s.  (In  this  case  6q  can 

be  chosen  arbitrarily  ane  does  not  depend  on  w.) 

The  following  example  illustrates  soi_e  of  the  above  coments.  Let 
v-  ! 

^ £ n * an<*  define  a square  wave  function  with  increasing  frequency 

n®l 

u(t)  i (d,®)  R1  by 


u(t) 


p ^ 1 etVak  + 2 (n+1)  3 

L'l  if  C et“k  + 2dn+l)  * Vl3 


i 4- 


-l  + 


Vl 


then  tne  two  dimensional  system. 


x "|  -o  -uw]  x~j 

| y j u(t)  0 1 y ! 

(where  a is  a positive  nuri)^r)is  not  u.a.s.  Note,  however,  that 
t2 

| |u(t) jdt  » (t2-  tx) . 


Thus  the  necessary  condition  of  corollary  2 is  not  sufficient.  Also,  con- 
pare  this  with  the  following  comments  on  the  category  PS*. 

We  should  point  out  that  corollary  1 can  be  generalized  as  follows. 
Instead  of  requiring  that  B(t)  be  smooth  and  | B (t) ] be  bounded,  we  make 
the  souewhat  less  restrictive  assumption  that  the  components  of  B(t)  be 
contained  in  the  set  PS*,  defined  as  a convenient  category  of  input  func- 
tions by  Yuan  and  Wonhau  in  [5].  (However,  we  must  keep  the  integral 
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assumption.)  PS*  is  the  set  of  all  piecewise  smooth  functions  g:[0,«)  -*•  R^ 
that  are  uniformly  bounded,  whose  derivatives  are  uniformly  bounded  (where 
defined) , and  for  which  the  intervals  over  which  g is  smooth  do  not  shrink 
to  0. 


For  example,  an  input  function  g defined  to  be  constant  on  intervals 


(ao,an+^)  where  a^j-  aQ  is  bounded  below  as  n * is  in  PS*. 

Theoren  1 is  an  immediate  corollary  to  the  following  two  theorems,  which 
are  our  main  results. 

Theorem  2.  Let  A(t)  be  a stable  nxn  matrix  of  bounded  piecewise  con- 
tinuous functions.  Let  ?(t)  be  a symmetric  positive  definite  matrix  of 

. X 

bounded  continuous  functions  such  that  P + PA  + A P is  stable.  (Many  such 
P exist.  See  the  discussion  below.)  Let  L(t)  be  an  nxc  matrix  of  bounded 
piecewise  continuous  functions. 

Assume  that  there  exist  positive  numbers  Tq.Cq,  and  6Q  such  that  given 
> 0 and  a unit  vector  w e Ru,  there  is  a eltx»tx  + sucl1  that 


h + 6o 


Then  the  system 


Btr)  w di 


r r i 

X 


i e0  • 


Ly  J 


3*P  | 0 


^ J 


(2) 


is  u.a.s. 


Corollary  1 and  the  comments  about  Yuan  and  Wonhau'u  PS*  in  the  dis- 
cussion following  :Lt  hold  exactly  a9  written  in  this  cas~. 

''P(t)  is  positive  definite"  means  that  there  exist  potici\o  constants 
T T T n 

a and  6 such  that  ax  x < x P(t)x  < gx  x for  all  x e R cad  all  t.  We  may 
interpret  the  stability  of  P + PA  + A^?  to  mean  that  P + PA  + A^P  ■ -Q  where 
vj  ■ Q(t)  is  positive  definite. 
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By  Krasovskii 1 s theorem,  the  uniform  asymptotic  stability  of  z 8 A(t)x 


implies  that  given  any  continuous  symmetric  positive  definite  Q(t),  there 
exists  a continuous  symmetric  positive  definite  P(t)  such  that  P + PA  + AaP  ■ 
-Q.  (See  Uarendra  and  Taylor  (4],  p.  62,  or  Ualanay  [2],  p.  44,  theorem  1.6**. 
Note  that  the  proof  given  in  Halanay,  although  stated  for  continuous  A(t), 
holds  for  piecewise  continuous  A(t).) 

Theorem  3.  Let  A(t)  be  a stable  nxn  matrix  of  bounded  piecewise  con- 
tinuous functions.  Let  B(t)  and  C(t)  be  nxm  matrices  of  bounded  piecewise 


continuous  functions.  Suppose  that  the  systeu 


'A  |-BT1  [%  | 


UJ'FTW 


(3) 


is  u . . kj . 


Then  there  are  positive  real  numbers  Tq,6q,  and  such  that  given 


t^  ■'  0 and  a unit  vector  w,  there  is  a t2ditpt^  + T^]  such  that 

c2+  so  I 


L(t)  w dr 


i e0  • 


Corollary  2 holds  exactly  as  written  in  this  case  also. 

The  comments  made  after  the  statement  of  Theorem  1 apply  to  Theorems 

2 and  3.  The  condition  which  is  necessary  anu  sufficient  for  u.a.o.  ..s  a 

"richness"  condition  for  B(t) , which  however  involves  a subtlety  concerning 

T 

the  sign  changes  of  B(t)  v as  t -*■  00 . 

The  following  is  a key  observation,  used  in  the  proof  of  Theorem  2. 
Consider  equation  (2),  and  assume  that  the  hypothesis  of  Theorem  2 holds. 

We  shall  use  the  notation  z(t)  * {x(t) ,y(t) J1  from  now  on. 

I-- aua . Let  and  6 be  given  posit. ve  uumbers.  Then  there  is  a 
T « T(e^,6>  such  that  if  z(t)  is  a solution  of  (2)  and  |z(t^)|<  e^,  then 
there  exists  some  t2  + T1  8uch  thilt  I y ^ 
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The  leuua  says  that  if  B(t)  is  sufficiently  rich,  than,  for  any 

solution  z(t)  ■ [x(t)  ,y(t)  ]T,  y(t)  gets  “periodically''  soall. 

We  will  new  outline  the  proof  of  Theorca  2,  which  is  written  out  in 

detail  in  section  V.  Define  the  Lyapunov  function  V(z,t)  • V([x,y]  ,t)  ■ 

% T • . ,2 

x P(t)x  + y y.  Then  V(z,t)  < -k|x|  where  k is  soue  positive  nutber.  Thus 
if  | y | is  small  and  |z|  is  not,  then  |x|  is  not.  In  this  case,  |v|  is  large 
and  V(z,t)  Is  decreasing.  Since  V < 0,  we  have  uniform  stability,  and  the 
observations  of  the  previous  two  sentences  show  that  |z|  is  periodically 
getting  sculler  and  smaller.  Unlforu  asymptotic  stability  fellows. 

The  proof  of  the  leuia  can  be  easily  derived  froti  the  following  two 
subleases . 

Subleuua  1.  Let  > e2  > T^en  t^ere  is  an  n ■ nCe.^)  such  that 
if  z(t)  ■ [x(t),y(t)]  is  a solution  of  (2)  with  |z(t^)|  < and 
S * {t  elt^,«)  ||x(t)|  > e2>,  then  y(S)  < n where  y denotes  Lebesque  neasure. 

This  sub  leuua  holds  without  any  restriction  on  B(t).  It  states  that 
there  is  a unlforu  liuit  on  the  auount  of  tine  a solution  starting  inside 
the  e^  ball  can  renain  outside  the  e2  ball.  It  therefore  implies  that  if 
z(t)  is  any  solution  of  (2),  then  x(t)  0.  It  also  implies  the  following. 
Given  > 62  > 0,  there  is  a T > 0 such  that  if  z(t)  is  a solution  cf  (2) 
with  |z(tj)j  < e^,  then  there  is  a t2  e[t^,t^  + T]  such  that  Ix^)!  < e2* 

We  conjecture  that  subleuua  1 can  be  inproved  to  say  that  x(t)  -*■  0 
exponentially.  (See  discussion  in  section  III./ 

Assume  that  the  hypothesis  cf  Theorem  2 holds.  Then  we  have 
Subleuna  2.  Let  6 > 0 and  > 0 be  given.  Then  there  exist  positive 

numbers  e and  T such  that  if  z(t)  is  a solution  of  (2)  with  |z(t^)|  < 
and  if  | y (t)  | > 6 for  t e[t^,t^  + T],  then  there  is  a t2  + T]  such 

that  | xCt^) | > e. 
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Til  us,  if  b(t)  is  ‘‘rich"  and  j y (t)  i is  large,  then  |x(t)|  cust  be  peri- 
udically  largm.  The  leiua  is  established  fret,  the  twe  subleraoes  as  fellows. 
If  y(t)  is  net  periodically  snail,  then  the  subleueus  imply  that  x(t)  is 
Pwriooically  both  large  and  suall.  But  subleina  1 puts  an  upper  bound  cn 
this  type  of  behavior.  The  details  of  the  proof  cf  the  leus.-a  are  in 
section  V. 

III.  Won-unifort,  f^ynptctic  Stability 

We  present  three  propositions  concerning  asyi-ptotic  stability,  de- 
ferring proofs  until  section  V. 

Preposition  1,  Let  a ■ A(t)  be  an  nxn  raatrix  of  bounded  piecewise 

T 

Continuous  functions  such  that  A + A is  stable.  Let  5(t)  be  an  un  matrix 

of  bounced  piecewise  centinuous  functions. 

v 

assume  that  if  z(t)  = [x(t),y(t)]  is  a solution  tc  (1),  then  there  are 

positive  constants  a and  K such  that 

-a(t-tj 

| x(t) | < K e for  all  t > t^  . 

(The  choice  of  o <ano  ii  ..ay  depend  specifically  cn  z(t).) 

Then  (1)  is  asymptotically  stable  if  and  only  if  there  are  positive 

numbers  e,,  and  5^  such  that  if  w e is  a unit  vector,  then  there  id  •: 

o u 

sequence  t -►  * with 

D * t +6n 

' r n ° ! 

±>(t)^w  dx  j > for  all  n. 


Proposition  1 is,  of  course,  a non- uniform  version  of  Theorem  1.  Sim- 
ilar results  analogous  tc  Theorems  2 and  3 also  hold.  The  condition  re- 
quij.^a6  exponential  convergence  of  |x(t)|  to  zero  can  be  weakened  tc  the 


requirement  that 


s 


|x(t)  | dr 


< ® 


We  coujecture  that  this  always  happens  (without  any  conditions  cn  B(t))  and 
therefore  that  the  exponential  convergence  condition  can  be  emitted  from 
Proposition  1.  If  this  conjecture  is  true,  then  we  would  have  a complete 
characterization  ef  asymptotic  stability  analogous  to  that  for  uniform 
asyiptotic  stability. 

Proposition  2 below  shows  that  for  the  two  diuensional  case  we  can  drop 
the  exponential  convergence  condition  from  the  sufficiency  part  of  Preposi- 
tion 1.  newever,  in  the  proof  we  avoid,  rather  than  settle,  the  conjecture. 

Proposltlcn  2.  Let  a;[tQ,«)  -*•  R^  be  bounded,  piecewise  continuous  and 
stable.  Let  bi[t&,»)  *►  A*  be  piecewise  continuous  and  bounded.  If  there 
arc  positive  constants  eQ  and  6Q  and  a sequence  tQ  -*•  ® such  that 


t +6- 
r n 0 


b(T)di 


then  the  two  dimensional  system 


> eQ  for  all  n. 


' '■ 

X 

a(t)  -b(t)~l  J~ x j 

0 

y 

f cr 

rt 

’W 

O 

1 

\ 

(4) 

lb<t)  0 j (_yj 

is  asymptotically  stable. 

The  following  proposition  is  useu  to  prove  both  Proposition  1 and  2. 
Preposition  3.  Let  A and  B be  as  given  in  Theorem  2.  Consider  solu- 
tions z(t)  to  equation  (2).  If,  for  every  z(t)  and  5 > 0,  there  is  a se- 
quence tQ  -*■  00  such  that  | y (tR)  | < 5.  then  (2)  is  asymptotically  stable. 

This  result  says  that  if  the  non-uniform  analog  to  the  lenna  for 
Theorem  2 holds,  then  the  nen-uniferm  analog  for  Theorem  2 holds. 
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IV.  Applications  to  Control  Theory 

The  type  of  equations  discussed  in  earlier  sections  have  come  up  re- 
cently in  connection  with  control  problems  dealing  with  the  adaptive  ob- 
server. It  also  appears  reasonable  to  as suae  that  questions  regarding  the 
uniform,  asymptotic  stability  of  similar  non- autonomous  equations  will  in- 
creasingly occur  in  adaptive  control  problems  where  parameters  of  the  sys- 
tems can  be  adjusted  at  the  discretion  cf  the  designer,  i.e.  parts  of  the 
vector  differential  equation  can  be  chosen.  In  this  section  we  character- 
ize the  uniform  asymptotic  stability  of  two  types  of  equations  which  arose 
in  the  context  of  identification  (See  Narencra  and  Kudva  [3],  for  details. 
Also  compare  Yuan  and  Wonham  [5]). 

Theorem  A.  Consider  the  system 
e * de  + 4x  + 'Fu 

£ “ -lex^  (5) 

i - -feu1 


where  £ is  a stable  nxn  constant  matrix,  e e R , $ is  nxn,  V is  nxm,  F is 

T 

a symmetric  positive  definite  matrix  such  that  TE  + £ T is  stab)",  end 
x.[tg,“)  -*■  Rn,  u:[tj,®)  -*■  Ru  are  piecewise  continuous,  uniformly  bounded 
vector  valued  functions. 

Then  (5)  is  u.a.o.  if  and  only  if  there  are  positive  constants  Tq.Eqv^q 
such  that  given  t^  > 0 an^  a unit  vector 


w 


1 n -m 

e rC  x a 


,n+u 


Lw2 


there  is  a e [t^.t^  + Tq3  such  that 


I 

I 
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C2+S0 


I,. 


[x(t)T,u(t)T]v  dt  i > tQ  . 


If  jx(t)|  and  |u(t'  [ arc  defined  and  bounded,  then  the  above  condition 

can  be  replaced  by: 

There  exist  a > 0 and  b such  that 
t2 

[ | [x(t)T,u(t)T]v|<!t  > a(t_-  t.)  + b 

Jtl 

fer  all  unit  w e R°  x Ru  and  all  t2  > t^. 

This  completes  the  statement  cf  Thee  ret.  4. 

In  the  context  of  identification,  x * Ax  + 3u  where  A is  a constant 
stable  uatrix  and  b is  a constant  matrix.  Thus  x is  always  bounded. 

This  theorem  follows  at  once  from  Theorems  2 and  3 and  their  corollaries . 
Wote  also  the  comments  in  section  II  which  allow  us  to  assume  ”u(t)  e PS*W 
in  place  of  "|u(t)|  bounded". 

The  next  theorem  concerns  a type  of  equation  which  also  arises  in 
identification  schemes.  (See  Narendra  and  Kudva  [3],  p.  553.  Also  see 


Anderson  [1],  p.  2.20.) 


Theorem  5.  net  A be  a stable  nxn  constant  matrix,  and  let  P be  a 

T 

positive  definite  symmetric  uatrix  such  that  PA  + A P is  stable.  Assume 
that  there  exist  non-zero  vectors  d and  h such  that  Pd  ■ h.  Let  v(t)  be 
a piecewise  continuous  bounded  vector  valued  function.  Then  the  system 


* ^ 
• 

X 

.A 

T~ 

h*v(t) 

X 

• 

y 

— -md 

-v(t) *dT 

0 

_y_ 

is  u.o.s.  xf  and  only  if  there  are  positive  constants  Tq,Cq,  and  <5q  such 
that  if  t^  > 0 and  w is  a unit  vector,  then  there  is  a £lt^,t^  + ] 

such  that 


t«+6  1 
f 2 0 


v(t)  *w  dt 


i eo  • 


If  |v(t) j is  bounded  cr  v(t)  e PS*,  then  the  above  condition  can  be 


replaced  by. 


there  exist  a > 0 and  b such  that 


|v(t)  *w|dT  > a(t£  * t^)  + b for  all  unit  w. 


Thi3  coupletes  the  stateuent  cf  Theoreu  5. 

This  theoreu  is  irradiate  free  Theorens  2,3,  ano  corollaries.  (Of 

course,  we  could  also  easily  derive  a version  of  Thecren  5 with  A,h,d,  and 

P tiue  varying.  However,  these  are  constant  in  the  application  cited.) 

Note  that,  by  the  Raluan-Yakubovich  lenua,  the  conditions 
T 

a)  PA  + A P stable  for  scae  positive  definite  symmetric  P,  and 

b)  ?d  * h for  soioc  d,h 

T -1 

are  equivalent  to  the  condition  that  the  transfer  matrix  H(s)  = h (sI-A)  d 
be  positive  real,  (darendre  and  Taylor  [4],  p.  49.) 

V.  Proofs  of  Theoreus 

We  shall  present  proofs  to  Thecreu  2,  the  leuaa  and  sublencKis,  Thecren 
3,  and  Propositions  1,2,  and  3.  The  proofs  of  the  corollaries  and  the 
couuent  in  section  II  about  PS*  are  routine  and  therefore  euitted. 

It  will  be  convenient  tc  use  the  notation 


, .T  n+n 
* lx,y]  e R 


Also,  for  convenience,  we  assuue  j A( t) j < 1 and  | B(t) 1 < 1 for  all  t. 
Proof  of  Theoreu  2. 


1.  By  hypothesis  we  uay  choose  positive  constants  a,S,a,b  such  that 

T T T 

a x x < x P(t)x  < Sx  x and 

a x^x  < xT  Q(t)x  < bx^x  for  all  x, 
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where  — ij(t>  = P(t)  + P(t)A(t)  + A(t)TP(t).  Without  loss  of  generality, 
assume  3 > 1 and  a < 1. 

Define  V(z,t)  - xTP(t)x  + yTy.  Then 
V(z,t)  - 2xT(P(t)  + P(t)A(t)  + A(t)TP(t))x  - -2xTQ(t)x  < -2axTx. 

If  z(t)  is  a solution  of  (2),  then  the  above  implies  that  | z(t) | is  ncno- 
tonicdly  non-increasing  as  t *.  Thus  we  have  unifcru  stability. 

2.  We  will  now  show  that  given  > e2  > 0 t^ierc  is  a y with  0 < y < 1 and 
an  M > 0 such  that  if  z(t)  is  a solution  of  (2)  with 

e2  < V(z(t),t)  < e2  for  t el^,^  + M] , 

ohen  there  is  a t2  + il]  such  that  V(z(t2),t2)  < y*V(z(t.) ,t.) . 

Since  V(z(t),t)  is  non- increasing,  this  implies  uniform  asymptotic 

stability.  The  above  fact  follows  routinely  from  the  leiaua  and  the  relation 
. X 

V(z(t),t)  < -2ax(t)  x(t).  However,  for  completeness,  we  will  write  cut  the 
details. 

Choose  positive  numbers  and  c2  sc  that  1-c^  > 0,  Al“Cj)7*^T  -2c ^l/a  > 0 
and  0 < 2ac2(/(l-c^)/v^g  - 2c2/v£  )2  < 1. 

(Say  ■ 3/4  and  c2  * /a  /&/&  .) 

Use  the  letaa  to  obtain  T when  e ■ e1  and  6 • e2  3 c^. 

Define  y ■ 1 - [2ac2(Al~c^) /*^3  - 2c2/v'a)2]  and  M * T + c2«  We  shall 
show  that  for  this  y and  K our  result  holds. 

We  want  0 < y < 1.  But  this  is  clear  from  the  choice  of  c^  and  c2* 

Let  t2  elt^u^  + T]  be  such  that  |y(t2)|  < 6 * e2  • If  V(z(t2>,t2)  < e2, 

we  are  done,  rtosume  V(z(t2),tp  > e2<  Then 

V(z(tp,tp  - x(tpT  P(t’)x(t’)  + jy(tp|2  implies 

3|x(tp|2  > V(z(t’),t’)  - <5  > V(z(tp,t’)(l-Cl). 
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• T 

Now  x « Ax  - B y gives,  for  any  t > t2» 

ft 

|x(tp|  - |x(t)|  < |x(t)  - x(tp|  < j |a(t)x(t)  - B(T)y(t)|dT 

*2 

< (1  + l)|z(tp|  (t-t’>  - 2|z(t')|  (t-t’), 
since  we  have  assumed  |a(t)  | < 1 and  jB(x)j  < 1 for  all  t. 

If  we  let  t2  ■ t£  + c?,  then  we  see  that 

|x(t)|  > |x(tp|  - 2(t2-  t')|z(t*)| 

> (/(I^T//B)  /V(z(t'),t')  - 2c2|z(tp| 

> (/(l-cp/Zg)  A(z(tp,tp  - (2c 2/&)  ^Tz(t’)  ,t  *) 

> /V(z(tp  ,tj)  - 2c2/^) 


fur  all  t e [tl.tp. 

Then  V(z(tp  ,tj)  - V(z(t2)  ,tp 


f 2 (2 

-V(z(x),x)dx  > 2a  |x(i)|2di  > 


l2 


2a  * c2  • V(z(tp,t2)  ♦ (/(I-c^/Zb  - 2ijjJ<ix) 


Thus  V(z(t2),t2)  < V(z(t2),t2)  • y,  and  we  are  dene. 

Proof  of  the  Letxia. 

Let  6 > 0.  By  the  ceunents  after  the  statement  of  sublenna  1 and  by 
sublecua  2,  the  assumption  for  sene  solution  z(t)  that  | y (t ) [ > 6 implies 
that  there  is  an  e > 0 such  that  jx(t)j  is  repeatedly  both  less  than  e/2 
and  greater  than  e.  Wow  this  eventually  leads  tc  a contradiction  with  sub- 
ler.u.a  1,  when  we  let  e^  ■ |z(t^)|  and  e2  * e/2.  Since  all  these  results 
are  uniform,  we  conclude  that  |y(t)|  < 5 repeatedly  (unifomly).  This 
yields  the  leuna . 


Proof  of  Sublema  1 


Xhia  is  JLu ledlate  frou  the  relation  V(z,t)  < -2 ax  x.  We  can  choose 
2 2 

n(e1,e2)  - e1  /2a e2  . 

Proof  of  Sublease  2. 

1.  Ay  hypothesis,  we  have  Tq,£q,  and  <Sq  given,  obeying  the  condition  in 
the  stateuent  of  Theoreu  2.  Let  z(t)  be  a solution  with  initial  condition 

1 i<  er  Suppose  that  iy(t)|  > 5 for  all  t e [tp^  + TJ  where  T 5 T0+ 

2.  iijv  x ■ Ax  - BAyiuplies,  for  any  t > t«,  that 

t+60  ' m 

x(t  + «0>  - x(t)  + 


|x(t  + 60J|  l 


t+6. 


ft+60 
> A(x)x 


(t)  - B(x)  y(x)dx,  which  gives 
t+6„ 


S(x)  y(x)dx 


x(t)  + 


1/ 


(x)x(x)dx 


We  snail  see  below  that  we  can  uake  the  second  teru  arbitrarily  snail  and 


tnc  first  teru  relatively  large  by  appropriate  choices  of  t and  e.  This 
will  prove  the  result, 

3.  Ue  have  y(t)  - B(x)P(x)x(t)  . Thus,  "when  x is  snail,  y is  flat."  Wore 

precisely,  given  T1  and  M*  positive  constants,  there  is  a 0 > 0 such  that  if 

z(z ) - [x(x) ,y(x) ]T  is  a solution  to  (2)  with  |x(x)|  < 6 for  all 

t e Itptj.  + T*]t  then  |y(x)  - y<tx)  | < e1  for  all  x eftp^  + T], 

Let  e'  - C0,lS  , ii*  - e.,  and  T’  - T <*  TQ  + 6Q,  and  fix  0 for  these 
2<$0 

choices. 


6en  6eQ 

4.  Define  e ■ uin  { — - , r-r-  ,0}.  We  shall  now  show  that  the  sublerxia 

8 8 

holds  for  this  choice  of  T and  e.  If  |x(t2)|  > e for  some  t2  e[tptx  + T], 
wc  are  done,  Assuue  Jx(t)j  < e for  all  t e[t^,t^  + T], 

ft+6n  e x 

Then  |x(t)  + AYx)x(x)dx|  < e + e->5Q  < _0_  for  any  t e[tptx  + TQ],  (We 
have  assuued  | A(x ) | < 1 and  Jb(x)|  < 1 for  all  x.) 


if  0 T i 

By  hypothesis  there  is  a t'  + Tn]  such  that  ' 3(x)wdx  > en 

yo^)  110  jj 

whare  tfi  TTctjrr  • 


But  1 t*+«0  t*+50 

jj  ^ B(t)T(w  |y<t1) I - y(x))dx!  < j |y(tx)  - y(x)|dx 

' tfV  V 

-  2 3 *  50  * 260  “ 2 * 

because  |x(x)j  < e < 8 for  x e[t^,t^  + T],  (See  3.  above.) 
Therefore  t'+6_  t*+<$. 


implying  j f +60  „ 

4 I n / \ * 


I B(x)Tw  ds 

, L TUo  ^ 

j | B(x)Ty(x)dx 

/ 

t' 

1 V 

r u T eQ6  eQ6 

j ^B(x)  y(x)dz  > eQ6  - -y  - -y 


en6  e-5 

Thus  |x(t'  + 6q)  | > — - — **  “ > e 


This  coupletes  the  proof  of  subler jj.fi  2. 

Proof  of  Theorem  3, 

1,  Assume  (to  get  a contradiction)  that  the  conclusion  of  the  theorem  is 

false.  Then  given  any  positive  1q»^q»Cq»  there  is  a unit  vector  w and  a 

t1  > 0 such  that 

I rc2+so  * I 


I Z.,V 

e(x)  W 

Jt„ 


dx  < eQ  for  each  tjelt^t^  + TQ], 


2,  Since  (3)  is  assumed  tc  be  u.a.s.,  there  is  a T such  that  if  z(t)  is  a 
solution  with  | z (t ^ ) < 1,  then  jz(t1  + T|  . Fix  this  T for  the  re- 
mainder of  the  proof. 

3.  Define 


I Aft)  ! 0 

D(t)  - f-s  and  EU>  - I T 

!C(t)  0 I p j ° 

. • — * 

and  compare  z * [D  + Ejz  and  z*  ■ Dz*  via  variation  of  constants: 


and  E(t) 


|0  -3(t)Tj 


z(t)  ■ z'(t)  + 


,t)  E(t)z (x)dx 


where  z(t^)  - z'(t^)  end  $'(t,x)  is  the  state  transition  tutrix  of  z*  - D(t)z\ 

The  proof  now  proceeds  as  fellows.  We  will  find  a unit  vector  w and 

T 

at.  >0  such  that  the  solution  z(t)  to  (3)  with  *(t|)  ■ [0,w]  obeys 
I f At  / 1.  » m _ \ /_  \ 1 _ I _ 3 /x\ 


^1  * 

If  *'(t1+  T,x)  E(x)z(T)dx|  <|  . (*) 

This,  combined  with  the  variation  of  constants  formula,  implies  that 

|z(tj)|  - 1 and  |z(tj+  T)|  > , contradicting  the  choice  of  T.  (Note  that 

T • 

z’(t)  ■ [0,wj  is  a constant  solution  for  z*  ■ Dz*.) 

3.  We  will  need  the  following,  which  is  easy  to  prove. 

(i)  There  is  a constant  R > 0 such  that  |#'(t,x)|  < R whenever  t > x > 0. 

(ii)  Given  e > 0,  there  is  a 6 > 0 such  that  if  |x^  - x2|  < 6 end 
t > x^^  for  i » 1,2,  then  j ' (t ,xJL>  - $*(t,x2)|  < e. 


Let  c 


and  choose  6 so  that  (ii)  holds.  We  lose  no  generality 


as8uuing  5 < T.  Fix  this  6 for  the  remainder  of  the  proof. 

4.  We  will  establish  (*)  in  2.  above  as  follows.  First  we  show  that  we 
can  "factor  $’(t^  + T,x)  out  of  the  integral".  This  will  be  done  by  parti- 
tioning the  interval  [tpt^  + suall  enough  via  t^<  t2<...<  tf  * ^ + T 
sc  that  $'(t^  + T,x)  is  essentially  equal  to  the  constant  natrix 
$'(t^  + T,  t^)  for  x s[ti_^,t^].  Then,  by  carefully  choosing  t^  and  w,  we 


*>■ 

y.-' 

t 

OiSke 

t + T 
f T 

i 

E(x)z(x)dx 

B(x)y(x)dx 

suall. 

l 

\ 

‘h 

It  is  important  here  that  we  can  use  the  u.a.s.  of  (3)  and  the  fact  that 
y *•  C(t)x  to  conclude  that  y(t)  becouos  carbitrarily  "flat"  uniformly  as 
t •*  ».  The  result  then  follows. 

5,  Assume  t^  has  beui  chosen.  (We  shall  specify  how  tc  do  this  later.) 

T 

Partition  + T]  using  t^<  t2<...<  tf  where  ti+1»  ^ < 6 and  r < + 2. 


t v * -*rnm 
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(Recall  that  T is  defined  in  2.  and  6 in  3.  above.)  Then 
. t,+T  t. 


i r 1 r 

*’(t,  + T,x)  E(t)z(t)Jt  - E ♦’(t.  + T,t.)  E(t)z(t)c!t 
IJti  r tt  *"2  J h-i 

< E j l^'Ct.  + T,'.)  - ^’(t.  + T,t.)|  |e(t)|  |z(t)|ut 
i-2  Jt,  , 1 1 1 


r 1 1 r f 1 

< E « • tst  • 1-1  < 4 . Also  IE  *’(t,  + T,t.)  E(x)z(T>di 

i-2  16T  " 8 ! i-2  i 1 1 

r I f4  T ti“1 

E R B(t)  y(t)dx 

i-2  Jt, 


3(t)  y(x)dx 


We  shall  shew  that  with  an  appropriate  choice  of  t^  and  w - y(t^),  we 
have  t, 

| 3(x)Ty(x)dx  < for  all  i . 
ti-l 

Then  the  last  inequality  above  will  be  bounded  by  ^ . Combining  this  with 

the  previous  inequality  yields  (*)  in  2. 

6.  We  now  show  how  to  choose  t^  and  w. 

Since  y - Cx  and  (3)  is  u.a.s,,  we  uay  show  that  there  is  a t1  > 0 

such  that  if  z(t)  is  a solution  with  |z(t^)|  < 1 and  t^  > t’,  then 

j y (t)  - y(t^)  < for  all  t eft^^  + T).  (Compare  4.  above  and  the 

proof  of  sublenua  2,  part  3.)  Thus 

fi  T rCi  T ! ft  f 

B(T)y(t)di  - B(t)  yttpdx  < 1 3(x)  | (y  (t)  - y(t]_)  dx 

Jti-1,  \-i  1 Vi 

< 6 * m6  Whfen  ll  + T ^ ti  - ti-l  ^1^'  and  fci  ‘ ‘i-l  - 6- 
We  now  apply  1.  above.  Let  (Tq,6q,Eq)  - (T  + t* ,6,5/RT16) , and  con- 
clude that  there  is  a unit  vector  w and  a t^  > t'  such  that 

t.  i 

1 T I £ 

3<t)  “ :t  I i ralS 

ti-l 

for  all  t^  + T > t^  > tj_^  > t-^  when  ^ - t^  < 6. 


- tis&ii, iMSfevJ 


It  follows  that 
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B(t)  y(T)dt 

'i-1 


for  all  1( 


using  y(t^)  ■ w aud  the  above  two  inequalities.  This  conpletes  the  proof 
of  Thecreu  3. 

Proof  of  Proposition  1. 

1 - - - - - i i Qp 

First  note  that  |y|  ■ |Cx|  < |x|  < IzqIKo  implies  j |y(t)|dt  < ®. 

Therefore,  given  s > 0,  we  can  find  t^  > t^  such  that  |y(t)  - y(tj)|  < e 
for  all  t > t^.  Wow  a non-unifom  version  of  sublerma  2 holds,  and  this 
inplies  the  following  nen-unifon:  version  cf  the  1 curia: 

Lent. .a.  Given  6 > 0,  there  is  a sequence  t ■+  00  such  that  | y (t^)  | < 6. 
With  this  leuna,  sufficiency  follows  freu  Preposition  3, 

The  proof  cf  Theorem  3 is  also  easily  adapted  to  establish  necessity, 
using  the  above  "flatness11  cf  y(t). 

Proof  of  Proposition  2, 

We  use  Proposition  3.  The  condition  on  y can  be  established  by  a siuple 
adaptation  of  the  proof  cf  the  louna.  Unfortunately,  this  adaptation  does 
not  seeu  to  generalize  to  higher  di: tensions. 

Proof  of  Proposition  3. 


This  is  exactly  like  the  proof  of  Thecreu  2 frou  the  leuua 
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